Flow and heat transfer in a liquid
Introduction
Fluid flow and heat transfer in thin liquid films over a rotating disk surface have been studied extensively due to their many engineering applications. They include applications in gas turbines, micro-electronics fabrication, food processing, and spacecraft applications. Aside from its practicality, transport phenomena in thin liquid films over a rotating disk have rich physics, including transition from supercritical to subcritical flow ͑i.e., hydraulic jump phenomenon͒, wavy film phenomena, transition to turbulence, and the attendant changes in heat transfer rates.
Literature contains a number of analytical, numerical, and experimental studies concerning this flow configuration. Watson ͓1͔ was the first to analyze the flow field of a free-falling jet impinging on a horizontal stationary surface. Watson divided the flow field into four regions that included the stagnation zone immediately beneath the impinging jet, a region of growing momentum boundary layer, and transition to the fully developed film flow. The flow field was assumed to be self-similar in the fully developed film region containing the hydraulic jump. Watson's analysis was extended by Chadhury ͓2͔ and Ma et al. ͓3͔ to include heat transfer analysis. These analyses considered stationary disk and neglected inertial effects in the film flow. Thomas et al. ͓4͔ proposed a one-dimensional analytical solution for the prediction of the liquid film thickness as well as the heat transfer coefficients. This analysis captured the phenomenon of hydraulic jump and its effect on heat transfer. The effect of turbulence and hydraulic jump on heat transfer were analyzed by Rahman et al. ͓5͔ for a controlled impingement jet. Their numerical model used k-model with body-fitted moving mesh. The problem was also studied numerically by Faghri et al. ͓6͔ for the controlled impingement jet heat transfer. They predicted the liquid film thickness in the vicinity of the hydraulic jump reasonably well and also evaluated the edge effects around the disk. Rahman and Faghri ͓7,8͔ reported numerical results for controlled liquid impingement on a rotating disk for constant disk surface heat flux condition. They also reported closed form solutions for heat transfer rates. However, they neglected the effect of fluid inertia and hydraulic jump phenomenon in this analysis. Rice et al. ͓9͔ investigated numerically both the hydrodynamics and heat transfer of a liquid film over a rotating disk using a 2D-axisymmetric simulation. The hydraulic jump phenomenon was not studied in detail in their computations. Their results matched reasonably well the experimental results of Ozar et al. ͓10͔ and the integral analysis of the same problem ͓11͔.
A number of experimental studies have also been reported. Carper and co-workers ͓12,13͔ studied the heat transfer for the impingement of cooling oil over a rotating isothermal disk for a range of Reynolds numbers. Their correlations did not include effects of rotation or Rossby number. Webb and Ma ͓14͔ studied the same problem for a water jet over an isothermal stationary disk. They presented correlations, which included the effect of gravity in the heat transfer analysis. Ozar et al. ͓10,15͔ presented an experimental study of liquid film flow and heat transfer over the surface of a heated rotating disk. They reported the variation of liquid thickness and Nusselt numbers for a range of liquid film flow rates and disk rotation speeds. A hydraulic jump existed on the disk surface for some of the experimental conditions ͑low flow rates and rotation rates͒. Avedesian and Zhao ͓16͔ investigated the phenomenon of circular hydraulic jump experimentally for normal and reduced gravity conditions. They measured the circular hydraulic jump diameter and shape of the free liquid surface for an impinging jet on a stationary disk. They reported that the steady state diameter of the hydraulic jump under reduced gravity is larger than the diameter of the same jump under normal gravity conditions. It was predicted that the hydraulic jump would disappear in the absence of gravity.
A semi-analytical study was conducted by Rao and Arakeri ͓17͔ for a thin liquid film development from an impinging jet. Their analysis included an assumed velocity profile in the direction of the boundary layer growth and they predicted the variation of film thickness in the radial direction as a function of Reynolds and Froude numbers. However, they only considered flow over a stationary disk surface and did not extend their analysis for heat transfer. We recently presented a complete integral analysis for liquid film flow and heat transfer over a rotating disk in Ref. ͓11͔ . In this analysis, results were presented for liquid film thickness and Nusselt number variation over the disk surface for both constant temperature and constant heat flux boundary conditions. They were presented as functions of inlet film Reynolds and Rossby numbers. These results were found to be in reasonably good agreement with the detailed numerical computations ͓9͔ as well as the experiments ͓10͔. However, that analysis did not consider the effect of radial and axial pressure gradients in the film that lead to the hydraulic jump phenomenon. This study is an extension of our earlier analysis with the inclusion of the hydraulic jump phenomenon affecting the film thickness and consequently the heat transfer in the liquid film. In the following, the integral analysis is first described followed by the presentation and discussion of the results. The article is concluded by a summary of the key findings.
Problem Formulation
In this analysis, the solution is based on the method adopted by the authors in Ref. ͓11͔, utilizing the Karman-Pohlhausen integral approach. In the previous study, only flow conditions that result in a thin supercritical liquid film flow on the disk surface were explored. Since a hydraulic jump exists on the disk surface for some flow conditions, this study focuses on the modified analysis and the range of conditions that include the hydraulic jump phenomenon.
The rotating disk configuration is schematically shown in Fig.  1 , which is the same as utilized in our earlier study ͓11͔ as well as in the studies of Thomas et al. ͓4͔ and Ozar et al. ͓10, 15͔ . As in the experiments, the flow is introduced from a central collar that directs the liquid radially outward over a gap height of h o . The liquid flows over the rotating disk while being heated from underneath by an electric resistance heater. In these experimental studies, the liquid film thickness and heat transfer coefficients were measured.
The problem is considered in the radial ͑r͒ and axial ͑z͒ coordinates assuming azimuthal symmetry and including the hydrostatic pressure variation. The governing equations in cylindrical coordinates over a rotating circular disk can be written as Continuity: 
ͪͬ ͑2͒
Energy:
The z-momentum equation reduces to the hydrostatic variation of pressure as p = g͑␦ − z͒ + p atm , which is incorporated into the r-momentum equation. Defining nondimensional parameters as
where r 0 is the inlet radius of the disk, u 0 is the inlet velocity of the liquid jet at r = r o , h 0 is the collar height, T is the nondimensional temperature for the constant wall temperature case and q is its counterpart for constant wall heat flux case. T 0 is the temperature of the disk surface for constant wall temperature case, T i is the inlet temperature of the liquid jet, and q 0 is the heat flux supplied to the disk for the constant wall heat flux case. Nondimensionalizing the governing equations, we obtain
where l o ϵ r o / h o , and the Froude, Reynolds, Rossby, and Peclet numbers are defined as
is the kinematic viscosity and ␣ is the thermal diffusivity, both of which are assumed to be constant in the context of this analy- 
Liquid Film Hydrodynamics
The liquid film thickness is obtained from solution of the integral momentum equation, which is cast into
by combining continuity and r-momentum equations and integrating the resulting equation from z = 0 to ␦ = ␦ / h 0 . The suitable radial velocity profile satisfying the boundary conditions of no slip at the wall ũ r ͑z = 0͒ = 0 and no shear at the free surface ͑‫ץ‬ũ r / ‫ץ‬z͒ ͑z = ␦͒ = 0 along with the total mass flow rate condition of 
͑12͒
This result is identical to that obtained based on the falling film analysis with gravity being replaced by the centrifugal force ͓18͔. Equation ͑11͒ was integrated numerically by fourth-order RungeKutta method. In the case of finite Fr, the hydraulic jump location, r hj can be obtained by equating the denominator of the right-hand side of Eq. ͑11͒ to zero, yielding
indicating that hydraulic jump location moves to larger radii with increasing Froude number.
Heat Transfer in the Liquid Film
The heat transfer in the liquid film is analyzed by considering the two cases of constant disk surface temperature and constant disk surface heat flux. Following the analysis presented in Ref.
͓11͔, the Nusselt number relations for the constant wall temperature and constant heat flux boundary conditions take the following forms Constant temperature: 
Results and Discussion
The calculation of the liquid film thickness and Nusselt numbers for constant wall temperature and constant heat flux cases were performed for a range of inlet velocities u o and rotation speeds corresponding to inlet Reynolds number, Reϵ u o r o / , range of 5 ϫ 10 3 -10 5 and Rossby number, Roϵ u o 2 / ͑ 2 r o 2 ͒, range of 10 −1 -10 3 . The value of the geometric parameter l o = r o / h o was taken to be 200, which corresponds to the value in our earlier analysis ͓11͔ and the experimental study of Ozar et al. ͓10,15͔. It is assumed in this analysis that the fluid properties such as viscosity, density, and thermal conductivity remain constant in the temperature range of experiments ͓10,15͔. Based on this temperature range, the maximum variation of these thermo-physical properties is in the range of 10 to 13%. Figure 2 shows the variation of film thickness for different values of Reynolds number for a Rossby number of 5000, which corresponds to a low rotational speed of the disk. Hydraulic jump is present on the disk surface in the Reynolds number range 5 ϫ 10 3 -10 5 . Hydraulic jump exhibits itself as a steep rise in liquid film thickness in the supercritical flow region followed by a gradual decay of film thickness in subcritical flow region behind the jump. As the Reynolds number is increased ͑for example, by increasing the liquid flow rate͒ the hydraulic jump moves progressively to larger radii with the peak film thickness also increasing. At a Reynolds number of 10 5 , the hydraulic jump occurs at r Ͼ 3, which is beyond the outer edge of the disk in the experimental configuration of Ozar et al. ͓10͔, suggesting that the flow remains supercritical throughout the disk surface for these conditions. The normalized liquid film surface velocity is also shown in this figure for two cases of Re= 2.5ϫ 10 4 and 10 5 . The film surface velocity decreases rapidly in the supercritical region due to the growth of the film thickness, but it levels off in the subcritical region. In fact, the film surface velocity can be obtained from the velocity profile in Eq. ͑10͒ as ũ r ͑z = ␦͒ = 3 / ͑2r␦͒ showing a hyperbolic decrease of velocity with radial distance and film thickness. It should also be pointed out that the value of this velocity at the entrance is 1.5u o , due to the adjustment of the top-hat inlet velocity profile to the profile given by Eq. ͑10͒ at the inlet ͑r = r o ͒. Figure 3 illustrates the influence of including the gravitational effect on the liquid film thickness. At Re= 5 ϫ 10 3 , the gravitational effect is apparent for large Ro ͑i.e., low rotation speed͒ for which the computed film thicknesses are drastically different. Note that film thickness for the case without the hydraulic jump is much higher than that with the hydraulic jump. With inclusion of the Froude number effect, the liquid film exhibits a hydraulic jump that is not present in the absence of gravity. This is in agreement with the earlier predictions of Rahman and Faghri ͓7͔ and Avedisian and Zhao ͓16͔. The Froude number effect is small at high disk rotation speeds ͑Ro= 0.1͒. The film thickness variation is shown in Fig. 4 for Re= 2 ϫ 10 4 and different Rossby numbers Ro= 10, 10 2 , and 10 3 . It is found that the hydraulic jump only occurs for high values of Ro or low rotational speeds, and disappears altogether at low Ro or high rotational speeds. The film thicknesses are very similar for Ro= 10 2 to 10 3 . This additionally suggests that the effect of flow rate on the location and height of the hydraulic jump is more pronounced than the effect of the rotation speeds in that range.
The hydraulic jump location predicted from Eq. ͑13͒ suggests that it is pushed radially outward with increasing Froude number ͑i.e., high values of u o and/or small values of g and h o ͒ in accordance with the results shown earlier. It is found that Eq. ͑13͒ gives a very good estimate of the location of the hydraulic jump if the hydraulic jump height is known, which is most likely not the case. However, it can be argued from scaling that
Combining Eqs. ͑13͒ and ͑17͒, the dependence of hydraulic jump location can be expressed as
͑18͒
This equation provides a means of determining the hydraulic jump location in terms of Re, Ro, and Fr. It should be realized, that this expression is a result of a scaling analysis and thus is good within a constant of proportionality that can in turn be a function of these parameters. Realizing that the hydraulic jump location is most sensitive to Re and not affected by Ro to the same extent, empirical determination of the proportionality constant yields C Х 1.3055Re/ ͑Re− 2504͒. Table 1 shows the comparison of the results from numerical integration of Eq. ͑11͒ and this scaling analysis. It is seen that the results from this approximate scaling analysis are in good agreement with the computed results. Hence, the expression in Eq. ͑18͒ can be used to estimate the hydraulic jump location and the film thickness at that location can be found from the rearranged version of Eq. ͑13͒ as 
͑19͒
It is found that the semi-empirical expressions predict the location and the film thickness of the hydraulic jump within 6% and 3%, respectively. The hydraulic jump location determined experimentally by Ozar et al. ͓10͔ compares reasonably well with the jump locations from the analysis presented here. For a nonrotating disk, Ozar et al. ͓10͔ report the hydraulic jump location to be between r hj = 1.67 and 2.5 for Re= 10 5 and Fr= 11.78, and at around r hj = 4.0 for Re= 2.38ϫ 10 5 and Fr= 42. For these two conditions, the present analysis predicts the hydraulic jump locations to be at r hj = 2.6 and r hj = 4.4, respectively. Figure 5 shows the constant wall temperature Nusselt number variation at an inlet Reynolds number of 5 ϫ 10 3 for different values of Rossby number between 0.1 and 5000. As shown in Fig.  5͑a͒ , Nusselt number profiles are very similar for Rossby numbers between 10 and 5 ϫ 10 3 . A hydraulic jump exists for these cases corresponding to low to moderate rotation speeds as indicated by the vertical dashed line in this figure. For Ro= 0.1, the hydraulic jump is not present and the supercritical flow exists over the disk surface. The thin liquid film flowing over the disk surface results in higher Nusselt numbers as compared to the cases with hydraulic jump and thicker film thicknesses. Figure 5͑b͒ shows the influence of including the Froude number effects ͑i.e., gravity͒ at low values of Ro between 0.1 and 10. It is found that the Froude number effect lowers the Nusselt number in the vicinity of the hydraulic jump; this effect becomes more pronounced with decreasing rotation speed or increasing Rossby number. Figure 6 shows the effect of inlet Reynolds number on the constant wall temperature Nusselt number for a Rossby number of Ro= 5000 ͑slow rotation͒. Also shown in this figure are the predictions that do not include the gravitational effects. At high Reynolds numbers ͑Re= 5 ϫ 10 4 and 10 5 ͒, the hydraulic jump is washed off the disk surface and the two sets of predictions become identical. At lower Reynolds numbers ͑Re= 5 ϫ 10 3 and 10 4 ͒, consideration of the Froude number effect results in lower local Nusselt numbers since the film thickness becomes significantly greater there. For the cases with hydraulic jump, there is also a discontinuity in the Nusselt number variation attributed to the discontinuity in the film thickness.
Computed Nusselt number variations are shown in Fig. 7 for the constant wall heat flux condition for several values of Rossby number for an inlet Reynolds number of 5 ϫ 10 3 . Similar to the constant wall temperature case, the Nusselt number variations are very similar in the range of Ro between 10 and 5 ϫ 10 3 , corresponding to slow to moderate rotation speeds, as shown in Fig.  7͑a͒ . In these cases, a hydraulic jump exists near the inlet region. At high rotation speeds ͑Ro= 0.1͒, the hydraulic jump is not present and the Nusselt number is higher than the high Rossby number cases. This is due primarily to thinning of the liquid film as a result of rotation. In Fig. 7͑b͒ , the effect of the Froude number on the Nusselt number distribution is shown for low Ro= 0.1 and 10. While the effect is not present for high rotation speeds ͑Ro= 0.1͒, there is a significant difference in Nusselt numbers downstream of the hydraulic jump for Ro= 10. Figure 8 compares the current results with the predictions from our earlier analysis ͓11͔ neglecting the gravitational effect. As it is seen, for the same Rossby number value of 10, the flow with a higher Reynolds number of 2 ϫ 10 4 does not encounter a hydraulic jump on the disk surface, while the flow with a Reynolds number of 5 ϫ 10 3 experiences the jump. As a result of this difference, the Nusselt number excluding the gravity effect ͓11͔ shows significant difference compared to this analysis for lower Reynolds numbers. However, there is virtually no difference in the predictions between the two predictions for the higher Reynolds numbers for which the hydraulic jump does not exist on the disk surface. This emphasizes the fact that as long as there is no hydraulic jump on the disk surface, the analysis neglecting gravitational effects is adequate. Figure 9 illustrates the variation of constant wall heat flux Nusselt number profiles for different values of Reynolds number for low rotation rate; i.e., Rossby number of 5000. For Re= 5 ϫ 10 4 and 10 5 , the hydraulic jump is not present and the Nusselt numbers decrease with increasing radial distance with no effect of the Froude number. For lower Reynolds numbers ͑Re= 5 ϫ 10 3 and 10 4 ͒, the Nusselt number decreases rapidly towards the hydraulic jump location due to thickening film thickness. It then varies gradually in the post-hydraulic jump region. Since the location of hydraulic jump determines the turning point in the Nusselt number profile, it appears that the overall heat transfer on the disk surface can be altered more significantly for the constant heat flux case. The overall magnitudes of the Nusselt number for constant heat flux condition are higher than the corresponding values for constant disk surface temperature case. Additionally, sensitivity of heat transfer to hydraulic jump location appears to be larger for the constant heat flux case.
Finally, the area-averaged Nusselt numbers are shown in Fig.   10 for both constant disk surface temperature and constant heat flux cases as a function of Reynolds number for a Rossby number of 5000. It is seen that average Nusselt numbers are higher for the constant heat flux by a significant amount. The Froude number effect is present for the constant heat flux case, particularly for low values of the Reynolds number, whereas it does not seem to influence the overall heat transfer for the constant disk surface temperature case.
Conclusions
The model presented here extends the previously presented integral analysis ͓11͔ to include the effect of hydraulic jump phenomenon in both hydrodynamics and heat transfer in a thin liquid film over a rotating disk. The analysis utilizes an integral method that reduces the dimensionality of the problem and allows simplified solutions of the governing equations. Inclusion of gravitational effects through a Froude number allowed prediction of the hydraulic jump phenomenon and its effects on local heat transfer. At low inlet Reynolds numbers and high Rossby numbers corresponding to low film inertia and low rotation rates, respectively, a hydraulic jump appears on the disk surface. The location of the jump and the liquid film height at this location are predicted by the analysis. The hydraulic jump location moves outward on the disk surface with increasing inlet Reynolds number and decreasing Rossby number ͑high rotation rates͒. A scaling analysis of the equations governing the film thickness provided a semi-empirical Transactions of the ASME expression for these quantities that was found to be in very good agreement with the numerical results and in reasonable agreement with some experimental results. Heat transfer analysis shows that the Nusselt numbers for both constant disk surface temperature and constant disk surface heat flux boundary conditions are lowered in the vicinity of the hydraulic jump due to the larger liquid film thickness. The differences can be more pronounced for the constant heat flux case depending on the location of the hydraulic jump. The Nusselt number exhibits a turning point at the jump location and can have higher values downstream of the hydraulic jump compared to those obtained from the analysis that does not include the gravitational effects.
